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In four-jet events from e+e - - ,Z°~mult ihadrons one can separate the three principal contributions from the triple-gluon ver- 
tex, double gluon-bremsstrahlung a dthe secondary quark-antiquark production, using the shape of the two-dimensional angular 
distributions in the generalized Nachtmann-Reiter angle 0~R and the opening angle of the secondary jets. Thus one can identify 
directly the contribution from the triple-gluon vertex without comparison with a specific non-QCD model. Applying this new 
method to events taken with the DELPHI-detector we get for the ratio of the colour factor Nc to the fermionic Casimir operator 
Cv: Nc/Cv=2.55++_O.55(stat.)_+0.4(fragm.+models) +_0.2(error in bias) in agreement with the value 2.25 expected in QCD 
from Nc = 3 and CF= -~. 
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1. In t roduct ion  
The self-coupling of the gluons is an essential fea- 
ture of quantum chromodynamics (QCD). It origi- 
nates from the colour charges of the gluons and is a 
direct consequence of the non-abelian ature of this 
gauge theory. The confinement of the quarks is hardly 
understandable without he existence of the self-cou- 
pling of the gluons and a colourless gluon would lead 
to the reaction ~2 jets [ 1 ] which is not observed 
[2 ]. The large two-jet rate for medium jet energies at 
hadron colliders can be considered as direct evidence 
for gluon-gluon scattering [ 3 ], if one accepts the ex- 
trapolation of the gluon structure function of the pro- 
ton from deep-inelastic vN-scattering to collider 
energies. Notwithstanding these considerations an 
experiment testing for the presence of the triple-gluon 
vertex and measuring its strength in the clean condi- 
tions of multihadronic events from Z°-decays at LEP 
constitutes an important est of QCD. The triple- 
gluon vertex in e+e - annihilation enters in second 
and higher orders of the strong coupling constant. The 
principal second order contributions: double-brems- 
strahlung, triple-gluon vertex and secondary qft-pro- 
duction yield four-parton final states. Thus testing the 
triple-gluon vertex requires astudy of four-jet events. 
With the four jets ordered according to energy jet 3 
and jet 4 correspond preferentially to the secondary 
partons. The diagrams that yield four-parton final 
states are shown in fig. 1. 
Several observables [4-8] have been proposed to 
distinguish QCD from a QED-like abelian theory [ 4 ] 
in which the gluon is colourless but the threefold col- 
our of the quarks is retained. In the abelian theory 
the triple-gluon vertex is absent and secondary quark- 
antiquark production is eight times higher than in 
QCD. With the redefinition of the strong coupling 
constant OLAbel = -~OdQC D this abelian theory gives in first 
order the same three-jet rate as QCD and also the sec- 
ond order four-jet rate is approximately the same. 
Studying the angular distributions of four-jet events 
the AMY [9], OPAL [10], L3 [11] and VENUS 
[ 12 ] Collaborations have published evidence against 
this QED-like abelian theory of the strong interac- 
tion. The abelian theory is disproved by its much 
higher secondary q~l-production since the distribu- 
tions considered istinguish well between the contri- 
bution from secondary quark-antiquark production 
and that from two gluons due to the different helicity 
structure. More generally two experiments [ 10,12 ]
have provided limits on the relative contribution from 
secondary q~l-production. However, these results do 
not give evidence for the existence of the triple-gluon 
vertex since the one-dimensional ngular distribu- 





Fig. 1. Diagrams that yield four parton-final states: (a) Double-bremsstrahlung; (b) secondary qq-production; (c) triple-gluon vertex. 
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P2 
P3 P3 "P4 
.~ "~/  Pl-P2 
Fig. 2. Definition of the generalised Nachtmann-Reiter angle 
0~R in terms of the jet momentum vectors pjand of the angle o/34 
used in this analysis to distinguish t e triple-gluon vertex contri- 
bution from that due to double-bremsstrahlung. 
tions they studied do not distinguish between the 
contribution from the triple-gluon vertex and dou- 
ble-bremsstrahlung. 
As in the other publications [ 9-12 ] we use the ge- 
neralised Nachtmann-Reiter angle 0~R, proposed by 
Rudolph [ 8 ], which is defined as the angle between 
the two-jet momentum vector differences (p~-P2) 
and (P3-P4). Then we use as an additional observa- 
ble the angle between the secondary jets a34 which 
does distinguish between triple-gluon vertex and 
double-bremsstrahlung. The two observables of our 
analysis are illustrated in fig. 2. With the two-dimen- 
sional distribution in these two observables one can 
determine the contribution from the triple-gluon ver- 
tex directly. 
(B) non-planar double-bremsstrahlung graphs with 
group weight CF(Cv- ½Nc); 
(C) graphs involving the triple-gluon vertex with 
group weight CFNc. 
Similarly the 36 contributions for qftq(t fall into the 
classes: 
(D) planar graphs with group weight CFTR; 
(E) non-planar graphs with group weight 
CF(CF-- ½Nc); 
(F) graphs with group weight CF, which give con- 
tributions only if the charge of the partons is deter- 
mined experimentally and are not relevant o this 
analysis. 
For QCD the fermionic Casimir operator is CF = 4, 
the number of colours Arc= 3 and TR= ½nf where nf 
stands for the number of quark flavours. For the abe- 
lian theory the values are CF= 1, Nc=0, TR= 3nf. 
Since the grouping of the graphs is done in a gauge 
invariant way one can determine the individual con- 
tributions from these classes, and use their relative 
weights as a test of QCD. We take Nc/Cv and TR/CF 
as free variables which are determined in the analysis 
by matching the resulting two-dimensional distribu- 
tion in I cos 0~R I and cos 0934 to our data. 
For hard jets, as they are used here for finding the 
triple-gluon vertex, the use of the second order ma- 
trix elements i in principle more thrustworthy than 
the use of the parton-shower models, see Bengtson 
[14]. The two approaches are also discussed by 
Bethke et al. [ 15 ]. 
3. Data-handling 
2. Method 
Ellis et al. [ 13 ] have calculated the differential cross 
sections for the production of the four-parton final 
states in order a z. In figs. 6 and 8 of their paper all 
topologically distinct graphs for the transition prob- 
abilities are shown. For the qqgg final state there are 
36 contributions which can be grouped into three 
classes: 
(A) planar double-bremsstrahlung graphs with 
group weight C2; 
The analysis is based on 21 024 multihadron events 
from e +e--annihilations at CMS energies around the 
Z ° resonance. Only tracks from charged particles are 
used. The same cuts are applied for event selection as 
in our earlier study [ 16 ] of hadronic decays of the 
Z °. The most important of these selections are that 
tracks are kept only if the measured track length is 
greater than 50 cm and their polar angle is between 
25 ° and 155 °. Furthermore, for all events the polar 
angle 0 of the sphericity axis has to be between 40 ° 
and 140°. In addition we require that the total mo- 
mentum imbalance isbelow 20 GeV/c. 
Jets are defined with the algorithm LUCLUS pro- 
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vided with the LUND Monte Carlo program [17 ] ~t, 
called JETSET. In this algorithm two jets with mo- 
menta pt, P2 and opening angle o£12 are merged to- 
gether if 
2Pl XP2 xsin la12 ~djoin.  
Pl +P2 
Each time two jets are merged, all particles are reas- 
signed to the nearest jet (in terms of the same dis- 
tance as above). This procedure is repeated until a 
stable configuration is reached. The jet resolution pa- 
rameter djoin is set to 5 GeV Evis/Ecms where Evis is 
the sum of the energies of the accepted charged par- 
ticles and Ecm~=x/~. For the four-jet sample we re- 
quire Evis> 0.35 ECm~. This yields 884 four-jet events. 
We have generated 40 000 four-parton events with 
JETSET 7.2 with Y~ut, the minimum invariant mass- 
squared of any two partons scaled by Ec2ms, set to 
0.010. We passed these events through the full simu- 
lation of the DELPHI detector and the DELPHI 
analysis chain. In JETSET the formulae from Ellis et 
al. [ 13] for the graphs of the classes (A), (B), (C), 
(D), (E) are used to generate the four-parton final 
states. Each generated event is classified by JETSET 
as belonging to double-bremsstrahlung [ classes (A) 
and (B) ] or triple-gluon coupling [class (C) ] or sec- 
ondary quark-antiquark production [ classes (D) and 
(E) ]. The Ycut is chosen to be so low that it is below 
the cut imposed by LUCLUS. From this sample after 
applying the track and event cuts the LUCLUS algo- 
rithm gives 6102 four-jet events. 
The simulated four-jet sample has been checked for 
consistency with the four-jet events extracted from 
the data. The distributions of the thrust were com- 
pared. Also the distributions of the transverse parti- 
cle momenta in the event plane with respect o the 
event axis, both defined by the sphericity tensor, and 
that of the transverse particle momenta out of this 
plane were controlled. Separately for the jets 1-4, the 
distribution of the jet momentum, of the charged 
multiplicity of the jet and of the transverse and lon- 
gitudinal particle momenta relative to the jet axis were 
examined. The average values agreed within the typ- 
ical statistical accuracy of about 5%. The contribu- 
tion to the four-jet events from fragmentation fluc- 
~1 We use JETSET version 7.2 (November 1989). LUCLUS is 
described inref. [ 18 ], pages 240 and 241. 
tuations of three- and two-parton events has been 
determined by passing 2000 events generated with the 
complete QCD matrix element hrough full simula- 
tion and the analysis chain. This background amounts 
to 4% of the selected four-jet data. 
The simulated events are sorted separately for 
double-bremsstrahlung, triple-gluon vertex, and sec- 
ondary q£t according to the values of our two observ- 
ables into 10X 10 matrices. The same generated 
events have been passed through a simple simulation 
of the DELPHI detector, in which the measurement 
errors and reconstruction i efficiencies are given by 
parametrisations, and through the analysis. This gives 
us a 10 × 10 correction matrix for the relation be- 
tween this fast and the full simulation. Its elements 
are around 0.87 with about _+ 10% maximal system- 
atic variation over the range. Then 20 000 four-par- 
ton events have been generated in the abelian theory 
and passed through the simple simulation and the 
analysis. The matrices have then been corrected to 
correspond to the full detector simulation. In princi- 
ple one has to use specific orrection matrices for each 
subclass. However, as the correction factors are near 
to unity this effect is negligible within our statistical 
accuracy. 
4. Analysis 
The generalised Nachtman-Reiter angle 0~.qR has 
the advantage that no cuts in opening angles are 
needed on the four-jet sample. There is some corre- 
lation between 0~R and the second observable oG4. 
Therefore we perform a two-dimensional nalysis. 
The four-jet events are sorted into a 10 X 10 matrix 
according to their values of ]cos 0~R] and cos a34. 
To these 10X l0 bins we fit the theoretical predic- 
tions with a maximum likelihood method. 
The classes (A), (B) and (D), (E) contribute with 
different factors in QCD and the abelian theory and 
this allows one to separate the contribution (A) from 
(B) and (D) from (E). Class (E) contributes only 
0.5% and its shape is therefore not well determined. 
We have set its shape equal to (D) and checked that 
varying its contribution by 100% and even imposing 
totally different shapes do not visibly change the re- 
sults of our analysis. A direct generation of events of 
the groups (B) and (E) cannot be done, because for 
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some values of kinematical variables their contribu- 
tions to the cross-section become negative. The com- 
bined contributions of (A), (B) and (D), (E) are of 
course positive. Class (C) is extracted irectly from 
the QCD-events. For each bin l, m the theoretical 
prediction is given by: 
Theol, m = Norm X a 2 [ C~:AI,,, + CF ( CF -- ½ Nc ) Bl, m 
-[-CFNcCt.m +CFTRDo,, +Cv( CF - ½Nc)Et, m] , 
where Norm is the overall normalisation factor. We 
perform with MINUIT [ 19 ] a maximum likelihood 
fit to the 10 X 10 matrix from the data with the three 
variables X~ = Norm × ct~ C~, X2 = Nc/CF, and X3 = 
TR/CF in the distribution 
Theot, m =X~ [A/,m + ( 1 - ½X2)BI ,  m .k-X2CI, m 
+ X3Dt,,,, + ( 1 - ½X2)EI, m] + P3J40, • 
We use Poisson distributions for the likelihood fac- 
tor in each bin. P3J4 represents the four-jet back- 
ground contribution from three- and two-parton 
events. 
5. Results 
Projections of the two-dimensional distributions in 
I cos 0~R I and cos a34 are given in figs. 3a, 3b for the 
groups (A), (B), (C), (D), and QCD after the de- 
tector simulation and selections. The relative contri- 
butions of the groups (A), (B), (C), (D), (E) are 
for QCD 34%, -5%,  65%, 6%, -0 .1% and for the 
abelian theory 27%, 32%, 0%, 41%, 0.5%. In 0~R see- 
ondary qdl events [class (D) ] differ markedly from 
triple-gluon events [class (C)] and double-brems- 
strahlung events [class (A) and (B)],  but triple- 
gluon events and double-bremsstrahlung events look 
quite similar (the mean values of I cos 0~ I in the 
distributions (A), (B), (C), (D)are  0.596+0.006, 
0.552+0.015, 0.562+0.005 and 0.447+0.008). In 
the second observable od34 double-bremsstrahlung 
events and triple-gluon events give different shapes 
(the mean values of cos o~34 in the distributions (A), 
(B), (C), (D) are -0.269+0.010, -0.263+0.026, 
-0.187+0.008 and -0.170+0.015).  By fitting the 
two-dimensional distribution of the two observables 
the three contributions can be determined sepa- 
rately. The 4% background to four jets from two- and 
three-parton events is treated as part of the theoreti- 
cal prediction. Varying its contribution by +_ 50% 
gives less than 0.1 standard eviation change in the 
fit results. 
Fixing Nc/Cv and TR/Cv to the QCD values and 
fitting only the normalisation factor is equivalent to 
using a directly generated QCD distribution and thus 
allows a direct comparison of the two-dimensional 
distribution from the data with that expected from 
QCD. The influence of the finite Monte Carlo statis- 
tics is in this case simply calculated from the number 
of four-jet events in the QCD Monte Carlo simula- 
tion and in the data. Similarly by fixing Nc/CF and 
TR/CF to the values of the uniquely defined matrix- 
element version of the abelian theory this model can 
be tested. Figs. 4a-4c show the two-dimensional dis- 
tributions in I cos 0~R I and cos a34 for the data, and 
as expected for QCD and for the abelian theory. 
With the small number of events in each bin a Z 2 
test of the goodness of the fit to QCD in the two-di- 
mensional distributions i not meaningful, We check 
that our data are well described in the projections 
which are shown in fig. 5. The ~2 values for the pro- 
jections in Icos 0~RI and cos og34 are 9.3 and 7.4 for 
10 bins each and show good agreement with the QCD 
predictions for both observables. For the abelian the- 
ory the Z 2 values are 30.7 and 14.9. As in the other 
experiments [ 10-12 ] the matrix-element version of 
the abelian theory is excluded here by the distribu- 
tion in the generalised Nachmann-Reiter angle alone 
with more than 99% confidence level. Other choices 
for the abelian model were considered by OPAL [ 10 ]. 
For the free fit the available statistics of the Monte 
Carlo simulations of QCD and abelian theory has to 
be split up into the classes (A), (B), (C), (D), (E) 
and this leads to large errors. The propagation of the 
errors is complicated in this case. The influence of 
the finite statistics of the Monte Carlo simulation was 
therefore stimated empirically. With JETSET 7.2 
and a simple detector simulation many pairs of sim- 
ulations with different statistics were generated. The 
distributions of (A)., (B), (C), (D), (E) were de- 
duced from each pair and then another simulated 
QCD-distribution fitted by these. In the fitting pro- 
cedure the statistical f uctuations of the distributions 
(A), (B), (C), (D) and (E) cause the errors in the 
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Carlo statistics. The estimate of this shift for our sim- 
ulation statistics is a bias of 0.5+0.2. The value 
quoted below is corrected for this bias ,2. 
The influence of fragmentation and models has 
been studied with the same simple detector simula- 
tion by comparing samples generated with different 
schemes. We used additionally in JETSET 7.2 in the 
matrix-element version the fragmentation parame- 
ters of JETSET 6.2 [ 17,18 ] which are matched to the 
data from PETRA and PEP in the 30 GeV region, 
settings for optimised scale [21 ], and the default 
parton-shower version with gluon-polarisation a d 
interference. The parton-shower version contains the 
triple-gluon vertex, but in completely different way. 
It is based on cascades ofq--,qg, g~gg, g--,qdl. These 
simulations were treated as "data" and then Nc/CF 
was determined for them by fitting with the classes 
(A), (B), (C), (D), (E) as they are derived from 
high statistics QCD and abelian simulations using our 
standard conditions. The results for Nc/CF were 
2.20+0.22, 2.62+0.23 and 1.69+0.23 for the three 
cases. 
Including the estimates from the studies with the 
simple detector simulation for the error and bias from 
the simulation and the fluctuations of the results us- 
ing the different fragmentations and models we get 
for the final result of the free fit 
1 
(c) " °1 
Nc/CF=2.55++_O.55(stat.) + 0.4(fragm.+ models) 
+ 0.2 (error in bias) . 
The fit gives a significant riple-gluon vertex con- 
tribution (ocNc/CF) in agreement with Nc/CF=2.25 
that is expected for QCD. For TR/CF we get 0.1 + 2.4 
which is consistent with the QCD value of 1.875 for 
five quark flavours and disproves again the abelian 
theory for which a value of 15 is expected. 
Fig. 4. Two-dimensional distributions in I cos 0~R I and cos a34: 
(a) Data; (b) expected istribution from QCD; (c) expected 
distribution from abelian theory. 
termined by comparison with smoothed distribu- 
tions and is included in the statistical error. Further- 
more the fit results for Nc/CF are systematically 
shifted toward smaller values and reach the nominal 
value only asymptotically with increasing Monte 
6. Conclusions 
Within the framework of QCD one can establish 
directly the triple-gluon vertex contribution with the 
~2 In the contribution to the Singapore conference [20] the pre- 
liminary error of _+o:7 given for the influence of the finite sta- 
tistics of the Monte Carlo simulations contains the increase of 
the statistical error and the estimated bias, i.e. both effects. 
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Fig. 5. Projections on I cos 0~R I and cos a34; (a) comparison of data and QCD; (b) comparison of data and abelian theory. 
two-dimensional ngular distr ibution of  the general- 
ised Nachtman-Rei ter  angle and the opening-angle 
of the secondary jets. This new method has been ap- 
plied to DELPHI  data. It is found that the data re- 
quire the existence of the triple-gluon vertex contri- 
bution in the QCD second order matrix element 
description. The study of the influence of  different 
fragmentation parameters and the inclusion of the 
parton shower version which contains higher orders 
in the leading-log approximation, suggest that the re- 
sult is not spoiled by fragmentation effects nor by 
higher order contributions and higher jet- 
multiplicities. 
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